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The two gravitomagnetic effects which influence bodies orbiting around a gravitational source
are the geodetic effect and the Lense-Thirring effect. The former describes the precession angle of
the axis of a spinning gyroscope while in orbit around a nonrotating gravitational source whereas
the latter provides a correction for this angle in the case of a spinning source. In this paper we
derive the relevant equations in quadratic gravity and relate them to their equivalents in general
relativity. Starting with an investigation into Kepler’s third law in quadratic gravity with a scalar
field, the effects of an axisymmetric and rotating gravitational source on an orbiting body in a
circular, equatorial orbit are introduced.
PACS numbers: 04.20.-q, 04.50.Gh
I. INTRODUCTION
Over the last hundred years general relativity (GR)
has passed many tests and, many of its predictions
have been confirmed. Apart from gravitational waves
which were detected last year (2015) [1], two impor-
tant effects which have also been confirmed recently
are the geodetic effect and the Lense-Thirring effect
which together account for the total precession angle
on a body in orbit around a rotating gravitational
source [2]. That being said, there are areas where
general relativity appears to fail to describe certain
phenomena completely [3]. An example where gen-
eral relativity fails to agree with observation is in
the case of galactic rotation curves. Along the radial
coordinate the general relativistically predicted or-
bital speeds of masses orbiting around a disc galaxy
disagree with observations unless dark matter is in-
cluded [4].
Alternative theories of gravity naturally enter the
framework to either solve particular failings of the
standard theory or to extend modified theories for
areas where they fail or are lacking. In this paper
we consider a particular alternative theory of grav-
ity called quadratic gravity [5]. In quadratic gravity
all quadratic invariants are added to the Einstein-
Hilbert action where the coupling functions are de-
pendent on a scalar field which is nonminimally cou-
pled. The action for this model is given by [5, 6]
S = 1
16pi
∫ √−gd4x[R − 2∇µφ∇µφ− V (φ)
+ f1(φ)R
2 + f2(φ)RµνR
µν + f3(φ)RµνληR
µνλη
+ f4(φ)Rµνλη
∗Rµνλη] + Smat.
(1)
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In Eq.(1) R is the the Ricci scalar, Rµν is the Ricci
tensor, Rµνλη is the Riemann tensor, φ is the non-
minimally coupled scalar field, V (φ) is the scalar self
potential and Smat is the matter action. The term
Rµνλη
∗ is referred to as “doubly dual” to the Rie-
mann tensor and is obtained by applying a variation
of the Levi-Civita symbol [7] on the Riemann tensor.
The coupling functions are taken up to linear order
in their dependency on the scalar field φ, therefore
fi(φ) = βi + αiφ+O(φ2), (2)
where αi and βi are unknown coupling constants.
In this work we consider the external metric for
a rotating axisymmetric gravitational source in its
slowly rotating limit. As was derived by Pani [6]
following the field equations obtained by Yunes [5],
the ansatz metric for such a system is given by
ds2 = −f(r, θ)dt2 + g(r, θ)−1dr2
− 2W (r) sin2 θdtdϕ+ r2Θ(r, θ)dθ2
+ r2 sin2 θΦ(r, θ)dϕ2,
(3)
where the functions in this metric are taken to be [6]
f(r, θ) = 1− 2M
r
+
α23
4
[
− 49
40M3r
+
1
3Mr3
+
26
3r4
+
22M
5r5
+
32M2
5r6
− 80M
3
3r7
]
+a2
2M cos2 θ
r3
,
(4)
g(r, θ) = 1− 2M
r
+
α23
4
[
− 49
40M3r
+
1
M2r2
+
1
Mr3
+
52
3r4
+
2M
r5
+
16M2
5r6
−368M
3
3r7
]
+ a2
r − (r − 2M) cos2 θ
r3
,
(5)
2W (r) =
2aM
r
− aα
2
3
4
[
3
5Mr3
+
28
3r4
+
6M
r5
+
48M2
5r6
− 80M
3
3r7
]
− aα24 52
[
1
r4
+
12M
7r5
+
27M2
10r6
]
,
(6)
Θ(r, θ) = 1 +
cos2 θ
r2
a2, (7)
Φ(r, θ) = 1 +
r + 2M sin2 θ
r3
a2, (8)
and the corresponding scalar field is given by
φ(r, θ) = α3
[
1
2Mr
+
1
2r2
+
2M
3r3
]
+aα4
5 cos θ
8M
[
1
r2
+
2M
r3
+
18M2
5r4
]
−α3 a
2
2
[
1
10r4
+
1
5Mr3
+
1
4M2r2
+
1
4M3r
+cos2 θ
(
48M
5r5
+
21
5r4
+
7
5Mr3
)]
,
(9)
where α3 and α4 are the remaining coupling con-
stants and a is the angular momentum per unit mass
defined by a = J/M .
We use geometric units throughout this paper,
meaning that G = c = 0 where G and c are the New-
tonian gravitational constant and the speed of light
respectively. If the modified coupling constants are
set to zero then the Kerr metric is reacquired from
Eq.(3).
The paper is divided as follows: in Sec. II we derive
the equation for Kepler’s third law of motion. Follow-
ing this, in Sec. III we consider an orbiting gyroscope
and a nonrotating gravitational source which results
in the geodetic effect. In Sec. IV we then consider
a rotating source which leads to the Lense-Thirring
precession velocity. Finally the results are discussed
in Sec. V.
II. CIRCULAR ORBITS AND KEPLER’S
THIRD LAW
Kepler’s third law states that the square of the
period of a particle in orbit around a gravitational
source is proportional to the cube of its radial dis-
tance from the system’s center of mass [7].
In this section we derive Kepler’s third law in
quadratic gravity for equatorial, circular orbits, that
is, at θ = pi
2
. The Lagrangian for this system, L, is
acquired through the substitution of the metric coef-
ficients from Eq.(3). Taking an equatorial orbit such
that θ = pi/2 and θ˙ = 0 [8], the Lagrangian takes the
form of
L = 1
2
gµν
∂xµ
∂τ
∂xν
∂τ
= 1
2
[
−f (r, pi
2
)
t˙2 + g
(
r, pi
2
)−1
r˙2
+r2Φ
(
r, pi
2
)
ϕ˙2 − 2W (r) t˙ϕ˙] ,
(10)
where gµν are the coefficients of the metric, τ is
the proper time and xσ represent the four-position
(t, r, θ, ϕ).
Being explicitly independent of t and ϕ, the cor-
responding Euler-Lagrange equations of motion are
given by [9]
Pt = E =
∂L
∂t˙
= −f (r, pi
2
)
t˙−W (r)ϕ˙,
(11)
Pϕ = L =
∂L
∂ϕ˙
= r2Φ
(
r, pi
2
)
ϕ˙−W (r)t˙,
(12)
where E and L are the energy and the angular
momentum per unit mass, respectively. The third
Euler-Lagrange equation is given by [8]
∂L
∂r
− ∂
∂τ
∂L
∂r˙
= 0, (13)
which for this system gives
∂L
∂r
= 1
2
[
∂
∂r
(g−1r˙2) +
∂
∂r
(−f t˙2
+r2Φϕ˙2 − 2Wt˙ϕ˙)] ,
(14)
and
∂
∂τ
∂L
∂r˙
=
∂
∂τ
∂
∂r˙
(g−1r˙2). (15)
Due to the fact that circular orbits are being con-
sidered, the radial coordinate r is also constant, R,
implying that r˙ = ∂r
∂τ
= 0. This simplifies Eqs.(14)
and (15) making them more workable. Partially ex-
panding the functions f , Φ and W up to their cou-
pling constant, αi, terms, and differentiating the re-
maining parts of Eq.(14) with respect to r, one ob-
tains
∂
∂r
(−f t˙2) =
[
−2M
r2
− f¯(R)
]
t˙2, (16)
∂
∂r
(r2Φϕ˙2) =
[
2r − 2Ma
2
r2
]
ϕ˙2, (17)
∂
∂r
(−2Wt˙ϕ˙) =
[
4aM
r2
+ W¯ (R)
]
t˙ϕ˙, (18)
where
f¯(R) =
1
4
α23
(
560M3
3R8
+
49
40M3R2
− 192M
2
5R7
−22M
R6
− 1
MR4
− 104
3R5
)
,
(19)
3W¯ (R) = −5aα24
(
−81M
2
5R7
− 60M
7R6
− 4
R5
)
−1
2
aα23
(
560M3
3R8
− 288M
2
5R7
−30M
R6
− 9
5MR4
− 112
3R5
)
.
(20)
For brevity’s sake the R dependency is suppressed in
the rest of the paper. Substituting into Eq.(14) with
the first term removed and equating it to 0 one gets
a quadratic equation in terms of ϕ˙,
(
2r − 2Ma
2
r2
)
ϕ˙2 +
(
4aM
r2
+ W¯
)
t˙ϕ˙
−
(
2M
r2
+ f¯
)
t˙2 = 0.
(21)
Noting that ϕ˙ is the angular velocity of the orbiting
particle and solving for ω ≡ ϕ˙ in Eq.(21) while con-
sidering that a≪ R, Kepler’s third law in quadratic
gravity is obtained,
ω2 ≈
M
R3
+
a2M2
R6
−
a2Mf¯
2R4
+
f¯
2R
+
aMW¯
R4
+
W¯ 2
8R2
−
aM
√
16M
R
−
8a2Mf¯
R2
+ 8Rf¯ +
8aMW¯
R2
+ W¯ 2
2R4
−
W¯
√
16M
R
−
8a2Mf¯
R2
+ 8Rf¯ +
8aMW¯
R2
+ W¯ 2
8R2
.
(22)
Taking a = 0, Eq.(22) is approximately
ω2 ≈ M
R3
+
f¯
2R
. (23)
Finally, taking all the coupling constants, αi, to
be equal to 0, an approximation to Kepler’s law in
general relativity [10] is obtained
ω2 ≈ M
R3
. (24)
The last term in Eq.(23) is thus the extra term
given when considering quadratic gravity. As ex-
pected the effect diminishes with radial distance from
the source.
III. THE GEODETIC EFFECT
The geodetic effect, also known as geodetic preces-
sion and de Sitter precession [11] gives the precession
angle per orbit, α, of the axis of an object rotat-
ing about a nonrotating gravitational source. In this
section we calculate the angle for a circular equato-
rial orbit in quadratic gravity. Consider the equato-
rial plane for this metric, as well as the transforma-
tion of the ϕ-angle for a rotating observer, that is
ϕ→ ϕ+ ωt, which gives
ds2 = −f (r, pi
2
)
dt2 + g
(
r, pi
2
)−1
dr2
+ r2(dϕ+ ωdt)2,
(25)
where ω is the angular velocity, and f and g have
been evaluated at the equator. By expanding and
using the difference of two squares method on Eq.(25)
a different form for the metric is obtained
ds2 = −(f − r2ω2)
[
dt− r
2ω
f − r2ω2 dϕ
]2
+r2
[
f
f − r2ω2
]
dϕ2 + g−1dr2.
(26)
This form can be compared to Rindler’s canonical
form [11]
ds2 = −e2λ(dt− widxi)2 + kijdxidxj , (27)
where the latin indices refer to the spacial coordinates
only, that is, r, θ and ϕ. When comparing Eq.(26) to
Eq.(27) the following coefficients for the nonvanishing
coordinates are obtained
e2λ = f − r2ω2, (28)
w3 =
r2ω
f − r2ω2 , (29)
k11 = g
−1, (30)
k33 =
r2f
f − r2ω2 . (31)
Since free circular orbits are being considered the
object experiences no change in motion resulting in
a vanishing acceleration [8, 11], that is
a = (kijλ,iλ,j)
1
2 = 0. (32)
Raising the indices of kij gives
k11 = g1µgν1k11 = g, (33)
k33 = g3µgν3k33 =
f − r2ω2
r2f
, (34)
and determining which derivatives do not vanish, one
obtains
a = (k11λ,1λ,1)
1/2 + (k33λ,3λ,3)
1/2
= (k11λ,1λ,1)
1/2
= 0,
(35)
since λ,3 = 0 as can be seen from Eq.(28). From
Eq.(33), k11 is clearly not equal to 0 and thus λ,1
must be. From Eq.(28) it follows that
λ = 1
2
ln(f − r2ω2), (36)
Substituting Eqs.(33) and (36) into Eq.(35) results
in
∂
∂r
(f − r2ω2) = ∂f
∂r
− 2rω2
= F − 2rω2
= 0.
(37)
Rearranging, this gives an equation for the square
of the angular velocity ω which is comparable with
the one obtained in the derivation for Kepler’s third
law in quadratic gravity with a = 0,
ω2 =
F
2r
. (38)
4Substituting Eq.(38) into Eqs.(28) and (34) gives
e2λ = f − rF
2
, (39)
k33 =
f − rF
2
r2f
. (40)
The general equation for the rotation rate of a gy-
rocompass in proper time as given by Rindler is [11]
Ω = 1
2
√
2
eλ[kimkjl(wi,j − wj,i)(wm,l −wl,m)]1/2,
(41)
which in this case reduces to
Ω = e
λ
2
[k11k33w3,1
2]1/2. (42)
Differentiating w3 and substituting e
λ, k11 and k33
in Eq.(42) gives
Ω = ω
(
g
f
)1/2
. (43)
The square of the coordinate angular velocity ω as
determined in Eq.(38) relates the coordinate time t
and the angular coordinate ϕ through
ω2 =
(
∂ϕ
∂t
)2
=
F
2r
,
⇒ dϕ2 = F
2R
dt2.
(44)
Consider circular equatorial orbits, meaning that
dr = 0 and dθ = 0, respectively. Substituting dϕ2 in
the original metric, Eq.(3), gives
ds2 = −fdt2 + R
2F
2R
dt2
=
(
RF
2
− f
)
dt2,
(45)
∆τ =
(
f − RF
2
)1/2
∆t. (46)
Using Eqs.(43) and (46) the precession angle for
one complete orbit with respect to the rotating frame
is found to be
α′ = Ω∆τ
= ω
(
g
f
)1/2 (
f − RF
2
)1/2
2pi
ω
≈ 2pi
(
g
f
)1/2 [
1 +
(f − 1)
2
− RF
4
]
.
(47)
As a result the precession angle per orbit, and thus
the angle required, is
α = 2pi − α′
= 2pi
(
g
f
)1/2 [
(1− f)
2
+
RF
4
]
.
(48)
The only quadratic gravity parameter left in this
equation is α3. When taking α3 = 0 Eq.(48) reduces
to
α =
3Mpi
R
, (49)
which is the general relativistic result for the geodetic
effect as described by Rindler in Ref.[11], as expected.
IV. LENSE-THIRRING EFFECT
The Lense-Thirring effect, also known as the frame
dragging effect, is a correction for the precession of a
spinning gyroscope orbiting around a rotating source
[12]. As in [8, 13, 14] we consider the Sagnac effect
in order to calculate the Lense-Thirring precession
velocity. Through the Sagnac effect we consider two
rotating light beams emitted simultaneously from the
same source which are then allowed to corotate and
counter-rotate respectively. The source can also act
as a receiver.
We again consider a circular equatorial orbit but
this time with a rotating gravitational source, that is
a 6= 0, thus giving
ds2 = −f (R, pi
2
)
dt2 − 2W (R)dtdϕ
+R2Φ
(
R, pi
2
)
dϕ2.
(50)
Assuming that the rotation of the light source
is uniform, the rotation angle of the light
source/receiver, ϕo, can be described by ϕo = ωot.
On taking the derivative we find dϕo = ωodt, which
when substituting into Eq.(50) results in
ds2 = −f (R, pi
2
)
dt2 − 2ωoW (R)dt2
+R2ωo
2Φ
(
R, pi
2
)
dt2.
(51)
Given that these are light rays, ds = 0, Eq.(51)
turns into a quadratic equation in ωo. Solving for
ωo one obtains the following equation for the angular
velocity of the light beams,
Ω± =
1
a2 +
2a2M
R
+R2
{[
2aM
R
+ Aα23 +Bα
2
4
]
±
√
(a2 − 2MR +R2) + Cα23 +Dα43 +Hα24 + Fα23α24 +Gα44
}
,
(52)
5where A(R,M, a) through to G(R,M, a) have sup-
pressed arguments for brevity’s sake. Their exact
dependencies are given by
A(R,M, a) =
20aM3
3R7
− 12aM
2
5R6
− 3aM
2R5
− 7a
3R4
− 3a
20MR3
,
(53)
B(R,M, a) = −27aM
2
4R6
− 30aM
7R5
− 5a
2R4
, (54)
C(R,M, a) =
40a2M4
3R8
− 196a
2M3
15R7
−11a
2M2
5R6
− 39a
2M
10R5
− 20M
3
3R5
+
26a2
15R4
+
8M2
5R4
+
a2
12MR3
+
11M
10R3
+
13
6R2
− 49a
2
80M2R2
− 49a
2
160M3R
+
1
12MR
− 49R
160M3
,
(55)
D(R,M, a) =
400a2M6
9R14
− 32a
2M5
R13
− 356a
2M4
25R12
−1076a
2M3
45R11
+
229a2M2
20R10
+
193a2M
25R9
+
1061a2
180R8
+
7a2
10MR7
+
9a2
400M2R6
,
(56)
H(R,M, a) = −27a
2M3
R7
− 120a
2M2
7R6
−10a
2M
R5
,
(57)
F (R,M, a) = −90a
2M5
R13
− 866a
2M4
35R12
+
629a2M3
84R11
+
789a2M2
14R10
+
1181a2M
40R9
+
272a2
21R8
+
3a2
4MR7
,
(58)
G(R,M, a) =
729a2M4
16R12
+
405a2M3
7R11
+
10215a2M2
196R10
+
150a2M
7R9
+
25a2
4R8
,
(59)
From Eq.(52) the rotation angle for the two light
rays is found to be ϕ± = Ω±t. Combining this
with the equation for the rotation angle of the light
source/receiver, ϕo = ωot, results in Eq.(60)
ϕ± =
Ω±
ωo
ϕo, (60)
where the ± signs represent the corotating and
counter-rotating light ray directions, respectively.
The first time the two rays pass through the receiver
is when the φ angles assume the respective values
ϕ+ = ϕo + 2pi,
ϕ− = ϕo − 2pi. (61)
Equating Eq.(60) and Eq.(61), and rearranging the
result in order to obtain an equation for ϕo± gives
ϕo± =
±2piωo
Ω± − ωo . (62)
Substituting for Ω± this reduces to
ϕo± =
±2piωo
1
a2 +
2a2M
R
+ R2
{[
2aM
R
+ Aα2
3
+ Bα2
4
]
±
√
(a2 − 2MR+ R2) + Cα2
3
+Dα4
3
+Hα2
4
+ Fα2
3
α2
4
+Gα4
4
}
− ωo
.
(63)
Noting that ds2 = −dτ 2 and dϕ = ωodt, the metric
in Eq.(51) takes on the form
dτ =
√(
f + ωo2W − ωo2R2Φ
) dϕo
ωo
. (64)
Integrating from ϕo− to ϕo+ gives
δτ =
√(
f + ωo2W − ωo2R2Φ
) ϕo+ − ϕo−
ωo
, (65)
which represents the time delay between the arrival
6times of the light beams. Substituting for ϕo+ and
ϕo− and rearranging gives the final form of the time
delay. This gives
δτ =
(
4pi
R
) [
ωo
(
Ra2 + 2a2M +R3
)− 2aM −R (α23A+ α24B)]√
f + ωo2W − ωo2R2Φ
. (66)
It can then be deduced that when the angular ve-
locity of the source/receiver is
ωo =
2aM +R
(
α23A+ α
2
4B
)
Ra2 + 2a2M +R3
, (67)
δτ is 0. This case is equivalent to the case where an
observer is in an orbit with the same angular veloc-
ity as the gravitational source and thus no difference
in arrival time is recorded. Dividing the numerator
and denominator of Eq.(66) by R3 and taking the
quadratic gravity coupling constants α3 and α4 to
be equal to zero gives the same ω as obtained in by
Tartaglia in Ref.[13] recovering GR.
Considering any other angular velocity and taking
a 6= 0, δτ does not reduce to zero. As previously
deduced, ω0 can be treated as the angular velocity
of the observer around the source and thus for an
observer at a fixed position with respect to distant
stars ω0 = 0 results in
δτw=0 = δτo = −
(
4pi
R
)
2aM +R(α23A+ α
2
4B)√
f
(
r, pi
2
)
= −8pi
R
Ma√
f
− 4pi(α
2
3A+ α
2
4B)√
f
= −8pi
R
J√
f
− 4pi(α
2
3A+ α
2
4B)√
f
.
(68)
This represents the time delay effect due solely to
the rotation of the gravitational source, i.e. the frame
dragging by the a 6= 0 parameter and not the light
ray in orbit about this body. Hence this time delay
is the quantity we are interested in in this section.
Finally the difference in arrival time for the light
rays due to the rotation of the source alone can be
expressed in terms of the Lense-Thirring precession
velocity, which is given by
ωLT = −
J + 1
2
R(α23A+ α
2
4B)
R3
. (69)
As in Ref.[8] ωLT is determined on comparison with
the GR case. Substituting in the time delay formula
δτo = 8ωLT
piR2√
f
. (70)
Consequently as αi vanishes ωLT reduces to
ωLT = − J
R3
, (71)
while the Sagnac time delay turns out to be
δτo = 8ωLT
piR2√
1− 2M
R
, (72)
which both agree with the situation in GR [13].
V. DISCUSSION AND CONCLUSION
In this paper we have considered three orbital ef-
fects in quadratic gravity, namely, Kepler’s third
law and the two gravitomagnetic effects, namely the
geodetic precession and the Lense-Thirring effect,
which can be found in Eqs.(22), (48) and (69), re-
spectively. Starting with Kepler’s third law, circular
orbits are investigated with the angular velocity with
respect to coordinate time being found as a function
of the constant radius R. The result is in agreement
with Kepler’s law for the general relativity case.
As expected the correction keeps to our intuitive
picture of how the effect works, i.e. it continues to
diminish with distance. In the far field the additional
terms add more significantly to the effect.
When considering the geodetic effect, we obtained
Eq.(48), which was only dependent on one of the cou-
pling constants, α3. This came about as a result of
the derivation only involving the radial and coordi-
nate time metric entries, on the equatorial plane.
Lastly we considered the Lense-Thirring effect. We
did this using the Sagnac effect which computes the
time delay between arrival times for counter rotat-
ing beams of light, as shown in Eq.(68). This was
then related to the Lense-Thirring precession veloc-
ity in Eq.(69) which is in agreement with the general
relativity case represented in Ref.[13]. Along with
the standard term ,−J/R3, we also find, 1
2
(α23A +
α24B)/R
2, which comes about only for nonvanishing
α3 and α4 coupling constants.
Currently there are no value ranges for the cou-
pling parameters α3 and α4. Given the close corre-
lation of the recent Gravity Probe B experiment [2]
results with the GR prediction the modified terms
are expected to be small. However these terms may
play an important role for more exotic events.
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